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Abstract 

We present a new solution to dilaton-axion gravity which looks like a rotating Bertotti- 
Robinson (BR) Universe. It is supported by an homogeneous Maxwell field and a linear 
axion and can be obtained as a near-horizon limit of extremal rotating dilaton-axion black 
holes. It has the isometry SL{2, R)xU (1) where U{1) is the remnant of the 5*0(3) symmetry 
of BR broken by rotation, while SL{2, R) corresponds to the AdS2 sector which no longer 
factors out of the full spacetimc. Alternatively our solution can be obtained from the D — 5 
vacuum counterpart to the dyonic BR with equal electric and magnetic field strengths. The 
derivation amounts to smearing it in Z? = 6 and then reducing to = 4 with dualization 
of one Kaluza-Klein two-form in _D = 5 to produce an axion. Using a similar dualization 
procedure, the rotating BR solution is uplifted to 13 = 11 supergravity. We show that it 
breaks all supersymmetries of iV = 4 supergravity in _D = 4, and that its higher dimensional 
embeddings are not supersymmetric either. But, hopefully it may provide a new arena for 
corformal mechanics and holography. Applying a complex coordinate transformation we also 
derive a BR solution endowed with a NUT parameter. 

PACS no: 04.20.Jb, 04.50.+h, 46.70.Hg 



1 Introduction 

The discovery of AdS/CFT dualities IQ (for a review see 0) stimulated search for geometries 
containing AdS sectors. Recall that AdS geometry typically arises as the near horizon (throat) 
limit of static charged BPS black holes and/or p-branes in various dimensions. The known 
examples of ADS/CFT correspondence make use of geometries AdSn x K with K being some 
compact manifold. For rotating black holes/branes the near horizon limit generically is different: 
one finds a non-trivial mixing of AdSn and K. Nevertheless, the asymptotic geometry relevant 
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for holography may remain unaffected by rotation for n > 3, so the ADS/CFT correspondence 
apphes directly. This is not so in the case of AdS2 |3|, Q . While for non-rotating extremal charged 
black holes the near-horizon geometry factorizes as AdS2 x S'^, in the rotating case the azimuthal 
coordinates mixes with the time coordinate in such a way that the AdS2 x 5^ geometry is not 
recovered asymptotically. Therefore, in higher dimensions the rotation parameter just adds a 
specific excitation mode in the dual theory |5|, ^, ^] , but in four dimensions it apparently leads 
to more seriours consequencies, whose nature is not clear yet. Additional problems in the four- 
dimensional case are related to the fact that the AdS2 holography is less well understood than 
the higher-dimensional examples [l^, |l2|, |l^ (for some recent progress in this direction 
see 



a)- 



Bardeen and Horowitz observed that violation of the direct product structure AdS2 x K 
due to rotation in D = 4 is manifest already for vacuum Kerr black holes. In the throat 
geometry of the extreme Kerr (and Kerr-Newman) four-dimensional black hole one finds the 
mixing of azimuthal and time coordinates which does not disappear in the asymptotic region, but 
grows infinitely instead leading to the singular nature of the conformal boundary. Nevertheless, 
the geometry still share some important features with AdSn x K spacetimes such as (partial) 
confinement of timelike geodesies and discreetness of the Klein-Gordon particle spectrum on the 
geodesically complete AdS patch. But, apart from the fact that the near-horizon spacetime is no 
longer the direct product of AdS2 with something, the geometry is also plagued by cumbersome 
0-depending factors which modify the spectrum of the angular Laplacian. It turns out that the 
spectrum of the Klein-Gordon field contains a continuous sector which exhibits superradiance 
inherited from Kerr. All this substantially complicates the analysis and no definitive conclusion 
was gained in about the possible relevance of such geometries in holography. 

Here we present another geometry containing the AdS2 sector mixed non-trivially with the 
rest of the spacetime which has the advantage of not being afflicted by ^-factors. It can be 
obtained as the near-horizon limit of extremal rotating dilaton-axion black holes (solutions to 
the Einstein-Maxwell-dilaton-axion (EMDA) theory). This is therefore a non- vacuum solution 
which is supported by a homogeneous Maxwell field (similarly to the Bertotti-Robinson (BR) 
spacetime) and a linear axion. The rotation breaks the 50(3) symmetry of BR so that the 
solution is only axially symmetric. Meanwhile, as in the Bardeen-Horowitz case, the SL{2,R) 
symmetry of the AdS component still holds, so the full isometry group is SL{2,R) x U{1). 

We show that this geometry has a non-trivial connection with BR via a non-local dimensional 
reduction mechanism |jl5| involving dualization of Kaluza-Klein two-forms in order to generate 
higher-rank antisymmetric forms. Starting with the dyonic D = 4 BR with equal strengths of 
the electric and magnetic components one finds its purely vacuum D = 5 counterpart (the KK 
dilaton is not excited in the symmetric dyon case). This solution can be smeared into the sixth 
dimension providing the 'BR6' vacuum geometry. Then one performs dimensional reduction 
back to five dimensions dualizing the Kaluza-Klein two-form and reinterpreting the resulting 
three- form as a NS-NS field. Finally going to four dimensions via the usual KK reduction one 
recovers the EMDA theory counterpart of the BR6 which coincides with our near-horizon limit 
of rotating EMDA black holes. 

Using the same mechanism of generation of antisymmetric forms, we uplift the new solution 
into eleven-dimensional supergravity where it is supported by a non-trivial four-form. This is 
based on the correspondence between eight-dimensional vacuum gravity with two commuting 
Killing vector fields and a consistent 2 + 3-1-6 three-block truncation of D = 11 supergravity 
116]. To apply this technique one has first to smear BR6 in two additional dimensions and then 
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use dualization of the KK two-form in six dimensions to get the four-form which is then used 
to reconstruct the four- form of D = 11 supergravity. In doing this there are two options in the 
choice of the Kihing vectors which lead to two supergravity solutions with different four-forms 
but the same metric. 

Since rotation breaks the BPS condition for extremal dilaton-axion black holes, it can be 
expected that our rotating BR solution is not supersymmetric in the sense of -D = 4, = 4 
supergravity. To check this, we consider the purely algebraic equation for variation of dilatino 
and show that this variation is non-zero. We also check by a direct computation that the 
D = 11 embedding of our solution is not supersymmetric in the sense ol D = 11 supergravity. 
Nevertheless we argue that the rotating BR geometry provides an interesting new arena for 
conformal mechanics and holography. 



2 Near-horizon limit of rotating EMDA black holes 

Consider the Einstein-Maxwell-Dilaton-Axion (EMDA) theory which is a truncated version of 
the bosonic sector of D = 4, M = 4 supergravity. The action describes the gravity-coupled 
system of two scalar fields: dilaton cp and (pseudoscalar) axion k, and an Abelian vector field 
A,: 

5=^1 d^xy^j-ii + 2d^(pd^'cl) + le^^S^Aca^Ac - e-^^F^,F^'^' - KF^.F^'^j , (2.1) 

whereQ F^"^ = ^E^^'^'^Fx^-, F = dA . The black hole solutions to this theory were extensively 
studied in the recent past |17, [l^, |2^, 21, 22|. Thesedepend on six real parameters, the 
complex mass M = M+iN (where is the NUT parameter), electromagnetic charge Q = Q+iP 
and axion-dilaton charge V = D + iA constrained by P = — Q^/2A4, and the rotation parameter 
a. The general black hole metric is of the form 

,n /\ - a? sin^ e , , , ,n ^ ( dr"^ Asin^e* , n\ , , 

ds^ = {dt -ujd^f _ s — + + ^2.2) 

zj \ /a a — sm I 

with 

A = {r-r_){r-2M)+a^ -{N -N^f , 

S = r{r-r^) + {acose + Nf -NI, (2.3) 

uj = — 1 [N /\cose + aW e {M{r - r_) + N{N -N_))], 

sin 6* — A 

M|Q|2 N 
|7W|2 ' 2M ^ ' 

The vector field may be parametrized by two scalar electric (v) and magnetic (n) potentials 
defined by 



and 



Fio = div/V2, 

^-2^pi3^^pij ^ {T.sme)-^e'^^dku/V2. (2.5) 



^Here i;'"'^^ = Igl^^/^e'"'^^, with e^^^'' = +1, where ^ t is the time coordinate. 
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The potentials v and u and the axion-dilaton field are given (after adapting the formulas of [19| 
to the conventions of [^) by 

V = ^/2^Re[Q{r -r_ -iS)], 

g^oo 

u = V2——Re[Qzoo{r-r^-i6)], 

, ^ ^ + ie~^<^ = ^22P±£l^^ (2.6) 



where 



Mr 

5 = acose + N-N^, P = ^ - - ' (2-7) 

and the (physically irrelevant) asymptotic value of the axion-dilaton field z^o = k^o + ie~'^'^°° 
will be chosen later for convenience. 

The metric ( p.2[ ) has two horizons located at the zeroes r = of the function A: 



r± =M + r_/2±y'(|7W|-|P|)2-a2. (2.8) 

The extremal solutions correspond to the case 

|p| = |A^|-a (2.9) 

where these two horizons coincide, with S > (without loss of generality we assume a > 0). In 
this case, using 

M 

r - r_ = r - rn + ajj-^^, (2.10) 

we can rewrite the metric as 

ds^ = ^^'"''^ dt^ - s(^ + de^) --{d^- ndtf (2.11) 

with 

r = A [{r] + Aj) sm^e-m^cos'^ 6] +A{j-aN cos e)'^sm^e, 

E = r] + 2j, n = 2{Nr]cose + a'yWe)/T , (2.12) 
A = {r-rnf, rj = A - sin^ 9 , = M{r - rn) + a{\M\ + N cosO) . 

On the horizon r = r^, the metric functions occurring in ( |2.12 ) simplify to 

Th = 4a^|7Wpsin2 0, nH = l/2\M\, 

Eh = 2a{\M\+Ncose)-a'^sm^e. (2.13) 

It follows that in the static case a = 0, the horizon reduces to a point, so that the question of 
near-horizon limit becomes meaningless. But for rotating extremal black holes a ^ one finds 
a non-triviallimiting solution. In this case, before taking the near-horizon limit, let us first 
transform to a frame co-rotating with the horizon: 

Tp = ip-^Ht- (2.14) 
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In this frame, the differential angular velocity is, near the horizon 

2aM{r - th) sin^ 6 



H 



+ 0(A). 



(2.15) 



Let us now put 



r-rH = \x, cos0 = y, t = -^t (r^ = 2a\M\) , 

A 



(2.16) 



and take the limit A ^ 0. In this limit the extreme metric in the rotating frame reduces to 



[{a + uy + [3y'^){x'^ dt^ 
a + vy + fiy"^ 2 



1-2/2 



dy' 



l-y2 



a + uy + (3y 



:{dip + fix dty 



(2.17) 



where (3 = a/2\M\, a = 1 - (3, = M/\M\, v = N l\M.\ (/i^ + z^^ = 1), and we have relabelled 
the coordinates (i, ■^) {t,Lp). 

Just as the extreme Kerr or Kerr- Newman geometries in Einstein-Maxwell theory the 
near-horizon geometry (2.21) admits four Killing vectors 



Li 



•cdx — tdt 
1 



L2 = xtdx - 2 '^^ ^ ~^ ^^"^ ' 



L3 



dt, 



(2.18) 



generating the group SL(2,R) x U{1). Indeed, the metric ( 2.17] ) becomes, in the NUT-less case 
u = 0, 



ds' = [ {a + Py'){x' dt' - ^) - dy' 



:{dip + xdtf]. 



x^ ' 1 — a + 

This is similar in form to the extreme Kerr-Newman near-horizon metric |23| 

dx^ ' '^--"■2 



(2.19) 



dSEM = ^IeM [ {oiEM + PEMy'^){x^ dt^ 
l-y2 



x^ 



1 - y2 



OEM + PemV'^ 



{d(f + ^EMxdty 



(2.20) 



with r2^jv/ = M^ + a^, Pem = a^/{M^ + a^), oem = 1 - Pem, f^EM = 2aM/{M^ + o^), where 
= -\- fjij^g extreme geometries ( 2.19| ) and (2.20) become identical in the neutral 
case Q = {M = a) and reduce to the extreme Kerr geometry with a = (3 = 1/2. 

Now let us take the limit a ^ in the NUT-less near- horizon geometry (|2.19| ), while keeping 



Tq = 2aM fixed. In this manner we arrive at the metric 



dx^ 

ds^ = x^ dt^ TT 



dy" 



(1 - y^){dif + xdtf 



(2.21) 
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(we have scaled Tq to unity) . This metric is remarkably similar in form to the Bertotti- Robinson 
metric (the near-horizon geometry of the extreme Reissner-Nordstrom black hole, i.e. the static 
limit a ^ of (^3oD ), 



„2 ^^2 ^ _ 

I — y 



ds^=x^dr ^ - {1 - y-^) d(p\ (2.22) 



However, unlike the BR metric, the BREMDA metric ( p. 21 ) is non-static, and invariant only 
under the group SL{2,R) x U{1). The t,x coordinates do not cover the full AdS hyperboloid. 
The geodesically complete manifold is covered by another coordinate patch in which case the 
metric reads (we preserve the same symbols for radial and azimuthal coordinates) 



ds' = (1 + x') dr' - -—^ - - (1 - y') {dip + xdry. (2.23) 

1 + x"^ 1 — 2/ 

Another useful coordinate system (also incomplete) is given by 

= (x2 - 1) dr^ - - de^ - - (1 - 2/2) (d^ + xdrf. (2.24) 

— 1 1 — 2/ 

Now proceed along the same lines with the matter fields. Prom the last Eq. ( |2.6| ), the dilaton 
and axion fields reduce on the horizon to 



2a{\M\+Ny)-a'^{l-y^) 
(M + Df + [N + A + ayf ' 



- K I 2c-'^- D{N + ay)-AM 



2^ 



For = and in the limit a — > 0, these become (after neglecting terms of order a 

p-2<t>H - p--2<t>^ ^ 
^ ^ p2 ■> 

i^H = Koo-e-2*°°^(^-ay). (2.26) 

Now we choose for convenience 

^oo = -2PQ*/ri (2.27) 
(rg = 2aM), leading to the BREMDA dilaton and axion fields 

(j)H = 0, KH = cose, (2.28) 

irrespective of the original values of Q and P (provided P ^ 0). 

The determination of the near-horizon behavior of the gauge field is more involved. With 
the choice ( ^.27 ), the scalar potentials for the NUT- less extreme black hole are 

V = V2—^{Q{r-rH + a)+Pacose), 

r- 6-"^°° 2M(M -a) , , , , 

u = -V2— ^— >-{r-rH + a). (2.29) 
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First, we must transform these to the rotating and rescaled coordinate frame {(p, t) 



dip 
dt 



1 -Qh 

„2 



X/r^ 



dip 
dt 



(2.30) 



From (2.5) we obtain the transformation laws 



djV 



/(S^A 



sm 



+- 



= r,6). Then, using 



(S^Asin^e 

f2 



^9. a 



u 



(2.31) 



drT. ~ 2M , deT. = -2a^ sin 6* cos 6* , (2.32) 

we evaluate the derivatives in ( p. 31 ) near the horizon, keeping only the leading terms in a (only 
the partial derivatives relative to Q contribute in this order): 

dr?uu — — ^ cos Q , de^n — -^{r — "rn) sin d , 
A A 



OrUu ~ — sm I 
A 



ri^)2sin6lcos6'. (2.33) 

A 

From these we obtain the near-horizon potentials 

vh = —rQXcosO, 

uh = roxsin^B, (2.34) 

again irrespective of the original values of the electric and magnetic charges. We have checked 
that these, together with the near- horizon metric ( 2.21 ) and axion-dilaton fields ( 2.28 ) solve the 
field equations as given in (2|] . From the potentials ( |2.34| ), after setting ro to unity, we recover 
the near-horizon gauge fields 

-^14 = 7= , -^23 = 7^ 5 -^24 = 



y 

'V2' 



V2' 



F 



13 



xy_ ^ _y_ 



^/2 



V2' 



= ^ 



X 

72' 
1 



(2.35) 



(with x^ = X and x^ = y = cos 6*), deriving from the gauge potentials ^3 = — ?//\/2, A4 = 
—xy/y/2 .Finally, passing to more general coordinates containing a free parameter b, we can 
write the BREMDA solution as follows 

dr"^ 

{x^ + h)dT'^ - -P- - dO^ - sin^ Q(d<p + xdTf, 



ds^ 
A 



A^dx^ 



x"^ + b 

cos 6* , , , , 
-—^[dp + xdr), K, = cost 



(2.36) 



■^Let us here mention that in the low-energy hmit of a certain conformal field theory was shown to 
corres pond to a formal near-horizon limit of Kerr-NUT solutions of EMDA, with metric and matter fields different 
from (2.36). However one can show that these fields (given in Eq. (3.4) of |2^) do not solve the field equations 
of dilaton-axion gravity. 
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For 6 = this coincides with the solution derived above by the hmiting procedure (Poincare 
coordinates on AdS sector), for positive non-zero b (usually set to 6 = 1) one has a coordinate 
patch covering the full AdS hyperboloid. For comparison consider the near-horizon limit of the 
Kerr solution [^. Setting in ( p.l9|) ro = l,a = /3 = l/2 and passing to similar coordinates, we 
obtain 



ds'^ = 1(1 + cos2^) 



(x2 + b) dr'^ 



dx^ 



(x2 + b) 



dO' 



2 sin^ e 
1 + cos^ t 



{d(t) + xdTf 



(2.37) 



In both cases the mixing of the azimuthal and time coordinates does not vanish as x — > oo. 
Both metrics coincide in the equatorial plane, but differ for 9 ^ 7r/2. The BREMDA geometry 
is simpler due to the absence of cumbersome angular factors, and apparently is more suitable 



for the search of a holographic dual. We return to this question in a separate publication [25|, 
while here we discuss other geometrical aspects of the new solution related to its embeddings in 
higher dimensions. 



3 D = 4 EMDA from D = 6 Einstein gravity 

Let us now show how D = 4 EMDA theory can be derived from the purely vacuum Einstein 
theory in six dimensions. This may be hinted from the following considerations. Dimensional 
reduction of stationary D = 4 EMDA to three dimensions leads to a gravity coupled sigma- 



model with the target space isometry group Sp{4,R) while dimensional reduction of 



the 6D vacuum gravity to three dimensions gives a sigma model with the SL{4, R) target space 



symmetry [^]. It was shown in |15] that a consistent truncation of the SL(4,R) sigma model 
to the 5*^(4, R) one exists, i.e. any stationary solution oi D = 4 EMDA gravity has a D = 6 
vacuum gravity counterpart and vice versa. Here we show that this holds not only for stationary, 
but for any solutions of two theories. This duality is essentially non-local: it involves dualization 
of the Kaluza-Klein two-form in the intermediate five dimensions. 
Let us start with the action 

S = - j d^x^\RQ, (3.1) 

denoting the 6-dimensional coordinates as x'^, ?], X) and make the assumption of two commuting 
spacelike Killing vectors 9^, d-^. In any number of dimensions, the Kaluza-Klein dimensional 
reduction 

dsl^^ = e-^'hsl - e^'^'^-^^^^dr] + C^dx^'f (3.2) 

gives 

~^\Rn+i = V& [Rn - (n - l)(n - 2)c\d^f + ^-^e^i^-^'^'i F\C) + 2cV^] . (3.3) 
For n = 5, c = l/\/6, this leads, after dualizing the 2-form F{C) to a 3-form H = dK, 

F^"'{C) = ^ g-a^gM^-Apa ^^^^ ^ ^3 4) 

to the reduced action for 6-dimensional sourceless gravity 

S5 = J d'>x^\[-R, + 2(90)2 + ^e-^'i'H^] , (3.5) 
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with Q = 4^/273. 

In (PD we recognize the action of 5-dimensional gravity coupled to a dilaton and a 3-form, 
as written down in [15|. In this paper it was observed that, under the assumption of two 
commuting Killing vectors 84 and ^5, this theory reduces to a 3-dimensional a model with the 
SL{4,R) symmetry group. Here we see that this symmetry follows directly from the SL{4,R) 
symmetry of sourceless D = 6 gravity with 3 Killing vectors, which is a special case of sourceless 
n-dimensional gravity with (n — 3) Killing vectors, as discussed by Maison |28]. 

In a second step, the 5-dimensional theory (j^^ with a spacelike Killing vector dx is further 
reduced by the Kaluza-Klein ansatz 

k = K^^dxi" Adx" + E^dxAdxf' , (3.6) 



to the action 



S4 = f d'^x^\[-R4 + 2{d(l)f + {di;f + -e^'t'idKf - le^(^-'f''^ F\D) 
J 2 4 

_le"2(^+0)^2(^) _ '1{F{D)F{E) + F{E)F{D))] , (3.7) 



where 



and n is the dual of the 3-form 

H = dK- DA F{E) = -e^<^ * dn . (3.9) 

Remarkably, the equations of motion for the fields D, E and ^ deriving from the action ( p. 7] ) 

y ^{^e^i^-<l>) Ft"" {D) + i^F^"" {E)) = 0, 
y ^{^^-■ii^+<f>) Fi"" {E) + l^F^"' {D)) = 0, (3.10) 

V2^ + ie-2'^(e2'^F2(Z))-e~2^F2(£;)) = 
are consistent with the ansatz 

V; = 0, D^ = E^ = V2A^, (3.11) 



which reduces the action ( p. 7] ) to the action ( p.l| ) of EMDA (this is similar to the reduction of 
five-dimensional Kaluza-Klein theory to self-dual Einstein-Maxwell theory). 

This two-step reduction of 6-dimensional vacuum gravity can be summarized in a direct 
reduction from 6 to 4 dimensions. From 



F^,^{C) = a^Cs = -e-^'^H^ = d^K , (3.12) 
where /Li = 1, . . . , 4, so that the 5-dimensional 1-form C reduces according to 

C = C^dx^' + Kdx. (3.13) 
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The two successive Kaluza-Klein ansatze ( |3.2[) (for n = 5, c = l/\/6) and (3^) can be combined 
into 

dsl = e"^ dsl - e^-2<^ {dx + dx^'f - 6^+2-^ {dri + dx^' + k dxf ■ (3.14) 
Finally, we compute 

= \^J\9^\e^uXp{e~^^^^'^^F^P{E)-e-^^DrH^^P) (3.15) 
= F^,{B) + Ff,,{KD) , 

with the definition (solving the second equation ( |3.10| )) 

F^,{B) ^ e-2(V'+^)F^,(ii;) - kF^,{D) . (3.16) 

Accordingly we can rewrite the double Kaluza-Klein ansatz ( |3.14| ) as 

dsl = e--^ dsl - e"^"^"^ - e^^^"^ (C + , (3.17) 

with 

e = dx + Df,dx^, C = dr] + B^ dx^ . (3.18) 

Taking into account ( p.ll ), it follows that the ansatz for reducing 6-dimensional vacuum 



gravity to EMDA may be written 

dsl = dsl-e-^'l^9'-e"f' (C + z^^)' , 
e = dx + V2Af, dxf" , C = dr] + dx^" , (3.19) 
F^,{B) = V2{e-^'f'F^M) - i^F^u{A)) . 

4 D = Q vacuum counterpart of BREMDA 

Using the machinery of the preceding section, we can show that BREMDA is dual to the six- 
dimensional vacuum solution whose standard KK reduction gives the usual D = A dyonic BR 
solution with equal electric and magnetic strengths. From ( 2.28 ) and ( |2.35| ) we obtain (note 



that the coordinate transformation t, x,y,ip ^ t, x, 6, ip reverses orientation, so that accordingly 
we must change the sign of the axion) 

Fii{B) = l-y\ F23iB) = -2y, F2i{B) = -2xy , (4.1) 

leading (in a suitable gauge) to the 1-form 

B = -y^ dip + x{l - y'^) dt . (4.2) 

It follows that the 6-dimensional line element corresponding to ( |2.36| ) is (with b = — c^) 

dsl = {x'-c')dt'-^^--^-{l-y'){dp + xdtf 

— {dx — xydt — y dpY ~ [df] + xdt — y dx)"^ ■ (4.3) 
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This may be rearranged to the more compact form 



dsl = ix'-c')dt^-J^--^-{l-y')dx' 

-{dip + xdt -ydxf - {dr] + xdt- ydxf , (4.4) 

which is exphcitly symmetric between the two Kilhng vectors d^p and 9,^, and enjoys the higher 
symmetry group SL{2,R) x 50(3) x ^7(1) x [/(I). 

Eq. ( [4.4D represents the Bertotti-Robinson solution of 6-dimensional vacuum gravity. A 
simpler form is achieved by making a 7r/4 rotation in the plane of the two Killing vectors 
(<9^) dr)) and relabelling the third spacelike Killing direction according to 

dip = -^{dfi + dx), di] = -^{dfj - dx) , dx = d(p. (4.5) 



This leads to 



dx^ dy'^ 
rj.2 _ f,2 1 — y'^ 

{dx - \/2x dt + \/2y d(pf - dff , (4.6) 



dsl = (x^-c2)dt2_^^_^_(i_y2)^-: 



which is the trivial 6-dimensional embedding of the 5-dimensional Bertotti-Robinson metric 

dsl = {x'-c')dt^-^^--^-{l-y')d^' 

x'^ — & 1 — y 

-{dx- V2xdt + V2ydipf . (4.7) 

Remarkably, this is exactly the solution whose four-dimensional Kaluza-Klein reduction is the 
Einstein-Maxwell Bertotti-Robinson solution ( p. 22 ), for more details see Appendix A. 

The metric ( |4.3D may also be dimensionally reduced relatively to the Killing vectors dy and 
dt (instead of 9^). Choosing = 1, rearranging (E^) as 



dsl = {x'-l){dip-ydxy-^—--^-{l-y')dx' 

— 1 1 — y 

— {dt + xd(p — xy dx)'^ — {drj + xdt — y dx)"^ , (4-8) 



and relabelling the Killing directions according to ip ^ t ^ x ^ one obtains the equivalent 
6-dimensional metric 



dsi = {x'-l){dt + ydipy-^—--^-{l-y')dip' 

x^ — 1 1 — y 

— {dx + xdt + xy dif^ — {drj + xdx + y d(py . (4-9) 
Following (3.19), this may be reduced to the solution of EMDA: 



dsi = {x' - 1) {dt + y d^y - ---^-{l-y')d^ 



dx"^ dy'^ 
x^ — 1 1 — 



A = -^{dt + ydip), (p = 0, K = x, (4.10) 
v2 
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with B = —x^ dt—{x^ — 1) ydip {k may for instance be obtained by solving the Maxwell equations 
dF{B) = 0). This Bertotti-Robinson-NUT solution may be obtained from the BREMDA solu- 
tion ( ^.361) by the correspondence (which is an isometry of the 5-dimensional Bertotti-Robinson 
metric ( |A.13| )) 

t ^ i(p , X ^ —y , ds^ ^ —ds^ , A^—iA. (4-11) 

The dimensional reduction of (4^) to (|4.10D breaks the full symmetry group of the 6-dimensional 
Bertotti-Robinson solution to SO{'i) x U{\). 

Remarkably, this BR-NUT solution may also be obtained as a near-horizon limit of near- 
extremal static black hole solutions of EMDA with NUT charge. Such near-extremal black holes 
are defined by the condition that 



(|A^|-|P|)2 = |7W|2 + |p|2_|gp 



(4.12) 



is small. Putting r — M — r_/2 = Ax, we obtain for the metric functions in (2.2) 

M 



2\\M\ 



\M\ 



x + c] +A. 



(4.13) 



So the limit A ^ will yield a Bertotti-Robinson-like metric only for M = 0. In this case, 
rescaling times by t ^ (rg/A)i as in ( glel) , with now 



2AiV, 



(4.14) 



we obtain the limiting 4-dimensional metric 



ds^ 



{dt + ydiff 



^2 _ g2 



{dx^ + (x^ - c2) dn'^) 



(4.15) 



which is identical with ( |4.10 ) after scaling Tq to unity and choosing without loss of generality 
c = 1 (one can always rescale x ^ cx and ds'^ cds"^), as this construction goes along only for 
c 7^ 0. Likewise, choosing 

z^ = 2iQQ*/cr^, (4.16) 

we obtain from ( |2.6| ) (after reversing the signs of the pseudoscalars k and u as explained above) 
the limiting (gauge transformed and rescaled) scalar potentials 



0, 



X 

c 



— X , 



2 2 
rg X — C 



(4.17) 



in agreement with ( fl.lOj ). Again, we note that this limit is independent of the original values of 
Q and P, provided Q / 0. 



5 Eleven-dimensional supergravity 

The idea to generate higher rank antisymmetric forms by dualizing the KK two-forms was 
generalized to D = 11 supergravity as follows |1(:]. Starting with the lagrangian 

1 ^ 



'(11) 



9 { R{ii) 



2x4! W 



F[4] A F[4] A ^[3], 



(5.1) 
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we use the following three-block ansatz for the D = 11 metric 

1 1 , . 

dsfii) = gi^abdz'^dz^ + gl6ijdy'dy^ + {§29^)'* g{Q)^ydx^'dx'' , (5.2) 

where all variables depend only on the six coordinates and a,b = 1,2; i,j = 1,2,3; = 
0, ...,5. The three-form potential ^[3] is reduced to its six-dimensional pull-back i?[3](x), the 
one- form A\^^ = A^dx^ and the scalar scalar with 

For the four-form one has 

F[4] = G[4] + F|] A Vol{2) +dKA Vol{3), (5.4) 

where G[4] = dB^^j , F^j = dA^ij . After reduction to six dimensions we obtain the theory governed 
by the action 

% = Jd'x^\{R^,j-^^{V^f-^{Vc^f-^{Vi;f 

^et'^F[| + ^e"t^G^4j | + Chern-Simons terms, (5.5) 



1 

-e 
2 



where two new scalar fields are introduced via 

2 

lng2 = -(p - i^, lnfif3 = -2(/). (5.6) 

It is easy to see that k, cp form a coset SL{2, R)/ SO{l,l), while Fp] and the six-dimensional 
dual G[2] = *G[4] (which is also a two-form) can be combined into the SL{2,R) doublet 

J'[2] = e^/^F[2]+ie-^/^G[2], (5.7) 
transforming under SL{2, R) as follows 

z — z = K + ie~'^, ad — be = 1, 
cz + d 

JF[2] {cz + d)J^[2] ; Tp ^ ip + const. (5.8) 

The multiplet of matter fields in the D = 6 action is the same as that which may be obtained 
from compactification of = 8 vacuum gravity. Moreover, the action which follows from the 
D = 8 Einstein action with the metric ansatz 

dsfs) = gmn (dC + A^dx^') {dC + Ayxn + e^'^^'g^^dx^, 

= det||g^„||, (5.9) 

(m, n = 1,2) leads exactly to the theory (|5.5| ) after the identification of variables 

^ e<^ Ke't' \ 



= e-<^"^G[2]. (5.10) 
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More precisely, the field equation for i?[3] becomes a Bianchi identity for A^^^ and vice versa. 
Note, that interchanging the D = 8 Kilhng vectors, i.e. relabehing Aj^ Aj^ we will get different 
D = 11 field configurations. 

Now we can construct a solution to D = 11 supergravity which is dual to the eight- 
dimensional vacuum metric obtained from BR6(^^) smeared in two flat extra dimensions 

dsl = (x^-c^)dt2--^-^-(l-,2)V 

-{dx - V2x dt + V2y dff - df - dzf - dzl . (5.11) 

This solution possesses several commuting Killing vectors, from which one can choose any pair 
to be used in KK reduction back to six dimensions. 
Choosing C,i = X) C2 = rj^we have 

A^ = ^/2{ydip - xdt), A^ = Q. (5.12) 

Transforming to the D = 11 variables we obtain 

52 = 53 = 1, (/) = V' = ft; = 0, F[^^= V2Vol{2) ^{dy ^dLp - dx ^dt). (5.13) 

For the different order of vector fields Ci = ^) C2 = X oris obtains the same 52) 53 and zero scalars 
■0, n but a different four-form: 

F^^= *\f2{dy ^dip - dx ^dt), (5.14) 

where a star denotes the Z) = 6 Hodge dual. In both cases the D = \1 metric is a trivial 
smearing of the D = Q metric: 

ds\i = dsl ~ '^^6 — • • • — dx^Q. (5.15) 



6 Breaking of supersymmetry 

Now let us discuss the issue of supersymmetry. As it is well-known, the Bertotti-Robinson 



solution preserves all the supersymmetries of Z) = 4, = 2 supergravity |29, 3C]. The Bardeen- 
Horowitz solution ( |2.37| ) is a vacuum one, so it can be probed for J\f = 1 supersymmetry. The 
result is negative: no geometric Killing spinors exist. Our solution ( |2.23| ) should be tested in the 
context of = 4, = 4 supergravity, the relevant equations coming from the supersymmetric 
variation of the dilatino and gravitino. The variation of the dilatino leads to a purely algebraic 
equation, which in the case of a vanishing dilaton reads 

{rd^K + i^/2cj~^'F^,)e = {), (6.1) 

where F~ is the anti-self-dual part of the Maxwell tensor. 

Substituting here n = cos 6 and the Maxwell tensor ( |2.35| ) one obtains the equation 

M(e)e = 0, M = 7^"sine-(cos^ + i)(cj^''^-ic7*^). (6.2) 
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The determinant | detM| = sin^O, so that there is no non-trivial solution to Eq. (|6.1| ), i.e. the 
BREMDA bosonic solution breaks all the supersymmetries of D = 4,AA = 4 supergravity. Simi- 



larly, one can show that the Bertotti-Robinson endowed with NUT ( 4.10 ) is not supersymmetric 
either. 

Now discuss the D = 11 embedding. Our D = 11 solution is related to the four-dimensional 
BREMDA in a non-local way, since it is obtained using dualizations in the intermediate dimen- 
sions. So a priori it is not clear whether it is non-supersymmetric in the supergravity sense. 



It was shown [16] that the D = 11 Killing spinor equation for the 32-component Majorana 



spinor e(ii) ensuring the vanishing of the supersymmetry variation of the gravitino 

^M6(n) + ^ (Fm^^^^ - S^r^'^^) F^PQ«6(n) = (6.3) 



for the 2 -|- 3 -|- 6 block truncation considered above corresponds to the purely geometric equation 
for the eight-dimensional dual: 

{d-^ - \u;faab)es = (6.4) 

We will use the flat gamma-matrices, and o, b, fl are the tetrad and coordinate indices respec- 
tively. Here the spin-connection oj'^ has to be calculated for the spacetime ( |5.2D . Therefore 
to explore the supersymmetry in the D = 11 supergravity sense we have to check whether the 
corresponding D = 8 solution admits covariantly constant spinors. 

The non-zero spin-connection one- forms for the metric ( ^.11 ) read (we use tetrad indices and 
numbering 0, 1, 2, 3, 4 for t, ^, 9, (/?, x)'- 

loqi = cos 9dip + dx/V2, UJOA = d£,/V2, lou = - sinh^dt/\/2, 

UJ23 = cosh S^dt — dx/V^, UJ24 = — sin 6 dip/ V2, u;34 = d9/V2. (6.5) 

For the gamma matrices in eight dimensions one can use suitably defined tensor products of 
Pauli matrices. Since the spin-connection lies entirely in the D = 6 sector, one can suppress 
spinor indices relating to the transition from six to eight dimensions and use 8x8 gamma 
matrices and D = 6 spinors. A convenient choice is 

r° = icji 1 1, = 0-2 1 o 1, 
= 0-3 cTi o 1, = 0-3 0-2 o 1, 
= (73 0-3 o fji, = 0-3 00-3 0-2. (6.6) 

The corresponding Lorentz generators are: 

(7°^ = -0-3 O 1 O 1, 0-°^ = 0-2(8) f73<8)(Tl, 

a^'^ = iai (T2 (8) cri, a^^ = il (g) (T3 8) 1, 

(T^"^ = -il (g) 0-2 (8 CTi, cr^^ = il (g) ai (8 (Ji. (6.7) 



A direct substitution in the Eq.(6^) gives a system of matrix equations which should satisfy the 
integrability conditions 

R'''""'aabee = (6.8) 
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where the mixed coordinate-tetrad components of the D = 6 Riemann tensor are introduced. 
Writing them as curvature two- forms = R^^dx^ A dx'^ , one finds the following non-zero 
quantities 

= sin Bde A dv? - ^ sinh ^dt Ad£_, 5^°^ = ^ sin 9dC A dip, 

11 1 
ri°3 = -de Ad(, n^'^ = cos e sinh ^dt Adip + - sinh ^dt A dx, 
2 y 2 2 

17^^ = ^ sin 6* sinh ^dt A d^?, il^^ = ^ sinh^c?6' A dt, 



0^"^ = ^ cosh,^(it A + ^ cos OdS, Adip+ ^-dS, A dx, 
V 2 \/2 2 

= - sinh£,dt A d£, + ^ smOdO A dcp, 



= ^ cosh (,dt AdO - ^ cos 6'(i6' A dip - ^d9 A dx, 

V 2 V 2 2 

= ^ sin 6* cosh ^dt A dip - I- sin 6*^93 A dx- (6.9) 

V 2 2 

All ten two-forms are independent, so one obtains ten integrability conditions: 

cjO^eg = a^^ee = a^^ee = a'^^e^ = 0, (6.10) 

(tanh ia^^ + \/2o-^^)e6 = 0, (tanh ^cr" + \/2o-24)eg = 0, 

(cot ^(7°^ - cothCcT°^ + V2a^'^)eQ = 0, 

((7°^ + 2^23)66 = 0, (tan0a°2 - ^/2ai^)e6 = 0, 

(2f7°i -^23 + ^2 cot 0^2^)66 = 0. (6.11) 

These are clearly inconsistent (inconsistent are already conditions ( S.lOp , since sigma-matrices 
do not have kernels). Therefore the BREMDA geometry is not supersymmetric in the sense of 
Z? = 11 super gravity either. 



7 Conclusion 

We have presented a new solution to dilaton-axion gravity in four dimensions whichis a rotating 
version of the Bertotti- Robinson metric. It breaks the 5*0(3) symmetry of the latter but pre- 
serves the SL{2,R) symmetry of the anti-de Sitter sector. The metric arises as the near-horizon 
limit of the charged rotating axion-dilaton black hole (in the theory with one vector field) and 
is supported by non-trivial vector and axion fields. It looks simpler than the near-horizon Kerr 
(or Kerr-Newman) metric due to the absence of additional angular factors, while preserving the 
same mixing of the azimuthal and time coordinates induced by rotation. It is important to note 
that the AdS sector does not factor out even asymptotically. Moreover, in contrast to the case 
of AdS2 X S'^, the conformal boundary is now a singular 1-1-2 space. 

The new metric was shown to be related to the usual dyonic BR solution with equal electric 
and magnetic charges after uplifting it to six dimensions and then coming back along a different 
reduction scheme. In this procedure the axion emerges via dualization of one of the Kaluza-Klein 
two- forms. Using a similar reasoning, we were able to find two solutions of D = 11 supergravity 
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with non-trivial four-form fields whose dimensional reduction (including dualizations at inter- 
mediate steps) gives our solution. 

This solution is not supersymmetric, whether in the sense of the original D = 4,AA = 4 
supergravity, or in the sense of higher dimensional embeddings. But it still looks promising from 
the point of view of holography. Indeed, it preserves some features of AdS2 x 5^ found also for the 
Kerr throat Q, and it is not plagued by superradiance as the latter. Preliminary considerations 
show that, in spite of the singular nature of the boundary, the asymptotic symmetry contains 
the Virasoro algebra [E^]. Also it is likely to provide a new version of conformal mechanics of 



the type studied recently |31, p3]. We will discuss these issues in a separate publication. 
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Appendix A 

In this Appendix we discuss the near-horizon limit to static black hole solutions of 5-dimensional 
sourceless Kaluza-Klein theory, i.e. 5-dimensional vacuum Einstein gravity 

S = - J d'^x^lR^, (A.l) 

together with the assumption of a spacelike Killing vector d/dx^. The 5-dimensional metric 
may be reduced to 4 dimensions by the Kaluza-Klein dimensional reduction 

dsj = e-2-/v^ dsl - e^"/^ {dx^ + 2A^dx''f , (A.2) 

with the reduced action 

S = J d^x^/\^\^^-Ri + Idf.ad^'a - e^'^/^F^^F^'^} . (A.3) 

The general static, NUT- less black hole solution of Kaluza-Klein theory was derived by 
Gibbons and Wiltshire [^3|, and generalized to rotating black hole solutions by Rasheed [p^ . 
We will consider only static black holes, which depend on 3 parameters M (mass), S (scalar 
charge), Q and P ("electric" and "magnetic" charge) constrained by 

■ (A.4) 



S + M/^/3 T,-M/V3 3 

The corresponding 5-dimensional metrics, as well as their 4-dimensional reductions, have two 
regular horizons provided + T,^ — — > 0. The condition of extremality is therefore 
+ S2 = p2 _^ However for more generality we shall consider near-extremal black holes, 
with 

+ - p2 - Q2 = A^c^ (A.5) 

small. 
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The black hole solutions are 



and 



f2 J 2 

dsl = Ldt^-Ai^ + de^ + sin^edip^) 

- - [dx'' + ^{r - M + M-) dt + 2P cos9 dipf , (A.6) 
where the metric functions f, A, B are given by 

A = /2 + 2M_(r- Af) + ^(M+M_ + A^c2), (A.7) 
B = /2 + 2Af+(r-M) + ^(Af+M_ + AV), 

M± = M±^, Q2 = +^ + , p2 ^ L_z L . (A.8) 

Putting r — M = Xx, we shall take the near-extremal, near-horizon limit A — > such that 
the two horizons r = r± = M ziz Xc approach each other while the radial coordinate approaches 
the event horizon r^. Four-dimensional sections 99 = const, of the 5-dimensional metric ( [A.6| ) 
being similar in form to the rotating metric (2.11), with the electric potential playing the 
part of the angular velocity, to obtain a finite limit we again must first transform to a frame 
"nearly co-rotating" with the horizon, through a gauge transformation 

= dx^ + dt , (A.9) 

B{0) 

with -6(0) = B{r — M = 0), leading to the "electric" field in the new gauge 

= -ms^" ~ "^^^^ + ^ - + ' (^-^^^ 

and rescale both time and the fifth coordinate, through the transformations 



/A T3 

r-M = Xx, cos9 = y, t = ^ ° x^ = V2Px, (A.ll) 

A 

where {Aq,Bq) = lim(;i,^o)(^) -^)- Taking the limit A ^ 0, using the identities 

2BoP^ g2 Ml 



Al P2 Ml 



1, (A.12) 



and relabelling the time coordinate i — > i, we finally obtain the 5-dimensional near-horizon 
metric 

AT^^dsi = (x^ - c^) dt"^ - - - (1 - y^) V - {dx -V2xdt + V2ydip)^ . (A.13) 

— 1 — 

Again, as in the case of EMDA, all the static Kaluza-Klein black holes have the same near- 
horizon limit, independently of the values of the electric and magnetic charges Q and 
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In ([Al^ we recognize the Kaluza-Klein version of the dyonic Bertotti-Robinson solution 
with equal electric and magnetic charges. The vanishing of the Kaluza-Klein scalar field a is 
due to the fact that the electric and magnetic fields 



Fu = -F23 = (A. 14) 

being equal in magnitude, the source term in the scalar field equation 

VV = i^e^^'F^^^F^^ (A.15) 

2v3 

vanishes. Accordingly the isometry group is the direct product of that of the Bertotti-Robinson 
spacetime with the Klein circle, i.e. SL{2,R) x 5*0(3) x U{1). 
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